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AN F TENSION OF MASSEY'S DISTRIBUTION OF THE MAXIMUM DEVIATION
BFTWEFX TWO SAMPL™ CUMULATIVF. STEP FUNCTIONS

By Chia Kuei Teao
Wayne Undversity

1, Summary and Introduction

Let xl<xz<... <xh and yl<y2<... <Y be the ordered
results of two random samples from populations having cont inuous cummlative
distritution functions P(x) and G(x) respectively. Let S (x) = k/n where
k is the number of observations of X which are less than or equal to x and
S‘(x) = §j/m where j is the number of observations of Y which are less than
or equal to x,

Tbe statistics

d - x Isn(x) - g(x)'

4! = max 8,(x) = 81(x)
x < max(x,¥,)
r <-min(m,n)
can be used to test the hypothesis F(x) = G(x). For example, using d, we
would reject the hypothesis if the observed dr’ i,e,, the maximun absolute
deviation between the two step functions below the rth observation of a given

sample, i3 significantly large,
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2, Distribution of d,
' Denote by my the number of observed values of Y which are less than

¥ » by m, the number of valuss of Y which are between x; anrd X5, ..., bY

m, the number of values of Y which are between . and xr and by M the

number of values of Y which are greater than X. If the hypothesis F(x) = 5(x)

is true, the probability of the occurrence of a set of Dy By seey mr,u

can be shown to be

Km-r)

m+tn 3
a {

which depe: ‘s only on M, i.e., for any given M the rrobability of the

Mm—x)/ ”+n
occurrence o..' any set of By Byy eoe 5 B is alweys M m -

Thus, for any given M, the probability that dr < & can be found by counting

o ot

Pl‘(ll, cor s M ,H) =

the number of sets of ml, Doy eeey nr which give values of dr < a.

Denote this number »f sets by Kr H(‘) , then
?

! H#ﬁ-r )
u(®) (n . x.)

The method of counting Kr M(a) is ¢ssentially the same as in [ﬁs_]. As &n
»

n
Pr(d. < a) = $_ = K_
M=0 ’

illustration, suppose m=n, then S (x) and §i{x) can only differ by
multiples ofé o For any integer c¢ ard any given M, we count the number
of sets of Byy Bpy ese 5 By such that drsgo

Caiote by ‘.'u(c), 1=2,2,000,7, §=1,2,...,2c, the number of

t
sets of possible B)s Moy eeey Wy such that d, < z° Then it is evident
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that these Vu(c) satisfy the followdng difference equations

’Z’OOOr

kel
vu(C) ) ﬁ vi.l’d(c) lt:%,Z,...zc

J=1

‘ : where
: VOk(c) -] k>c, k=1,2...,2
k e VOJ(C) =0 otherwise.
Hence,

[

xr,!((lgl) - vr,n-n-mﬂ“)‘

3, Distrioution of d"_

If r<nd, then a test based on thz number of observations of
one sample which are less than or equal to the rth observation of another

sample becomes a one-sided test. To avoid this, we may use the statistic

%‘. « In this case

Pr(d;_ <a)s= Pr(dr <s, x > y:.) + Pr(dr <8, x, < )

o (%)

- g Kr,H(.) '—(‘—:-T)—

)

‘ —/-2:'.___:; Kr,x(‘) ﬁ-

where n,, Doy eeey nr,N have the same meaning as B, By ooy nr,l.
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If m = n, then

NP ()m
' <a % r e (?) .

(e) If r =m =n, then both distributions of d_ and d! reduce to

We note that:

Massey's distributicn [5].

(b) Ifr =1, then d,, reduces to a special case of Gumbel and
Sc!;ellhm'o axceedances problems [2].

Table I and II give the probabdlities of dr and d;_ respectively

form = n,

h. Applications
The statistics dr and ~df are useful for situations where the

1
¥
S
]

sample sizes are known, but the {information beyond a certain ordered
observation, say 2 is unavailatle, In life testing, one often wishes, bty

A iy i Mo

drawing two samples, to detect whether the mean life in one population is
larger than that of amother. If the observations become available in order :
of magnitude, then we can stop the sxperimsnt whensver at least r observations
of each sample have occurred and - reach a decision by the use of d;..
Evidently, by doing so, it would be possible, in many cases, to reduce both i
the average time needed and/or the average number of iLems destroyed. f
As an illustration, we give a numerical example as follows:
Suppose fuses are produced by two different methods. One is interested in
detect ing whether the mean current needed to blow the fuses produced by the
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first method is different from that produced by the second. This can be
considered as testing whether two populations are the seme. To this end,
one then may put, say, 40 fuses produced by the first method and another 4O
by the second on a test. Suppose ommarranges the test in such a way that
every fuse in the 2 samples is sublected to the same current so that the
weakest blowz first, then the second, etc. Let us choose in advance that
r=6anda = .05 Let x < z, < ... denote the ordered observed current
needed to blow the fuses in the first sample and Yy < 7, < ... those in
the sacond. Suppose that the actual coabined outcomes are as follows:
x1x2x3xhy1x5x6x7’2x8x9y3xlux11‘12'" then the experiment may be termin-
ated when 4 e observation T has occurred and reject the null hypothesis
using the statistic d&, since for m = n = 40, Pr(dé 29) - 001351 fromn
Table II. In this particular experiment, only 20% of the fuses are

destroyed in reaching a decision.
It, perhaps, should be remarked that if we define

D, = Max lSn(x) - 8;(1)‘

x2 *p-r

D! = Max lsn(x) - s;(x)l

$41 )
X2 Kra? ym-r*l

r < Min (m,n)
then the distribution of Dr’ and D; are identical with those of dr and d;.
Thus, in 2 test, if the information below a certain ordered observation
is unavailsble, or if the observations become available in this order:

:
i
{
i
{
1
i
1
!
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Xn, xn-l’ see X and Tar Tuel? o0 Tpo then Dr or D". would be the
appropriate statistic to use,
In conclusion, I would like to thank Mrs. Dorothy Wolfe who

carried out the computations of Tables I and II,
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A5TLL
.2857T1

o43651
«25397
.15873

-13853
08658

k1608

12822
«07459
004662

« 95000

<8574

. 73810

- 67857

60390
«55519

67920

- 566043
4%

<LLB43

Table I
Probability of d < c/m

3 [N 5 6 7

1,00000

.98571  1,00000

98571  1.00000

.96032 «99603  1,00000

096032  .99603  1.00000

<372 98701 99892 1,00000

092857 +98701 99892 1,00000

.89827  ,98701  ,99892  1,00000

« 87229 «9TLh 99892 1,00000

93240 97T « 99592 099971  1,00000

90793 97318 299592 99971  1.00000

.85897  .97T®  .99592  .99971 1.00000

« 82631, .038. 099592 «99971.  1,00000

. 80186 295280 99259 «99971  1,00000

10

12
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041026
. 22191
»12183
. 06838
.03978
02486

40588
. A9
12748
206450
,03620
002206
.,01316

82308
«66434
o 54336
045315
039021
- 35874

-81765
+65362
252756
243149
.35985
. 30987
- 284,88

0 GAs21
.89378
»8329/,
» 78291
o 75245

.91810
.88355
-81473
75376
. 70769
. 68005

65981

«97319
< 96232
0 95649
94367
92568
« 91880

- 96833
95352
o272
92236
-90539
-89058
. 87982

Table I (econtinued)

5

~99277
+99068
-99068

- 98718
« 98345

298992
. 98548
.98322
98322
- 97869
97314
- 96870

6

99876
99876
- 99876
.99876
59876
+ 99806

« 99757

95685
99685
299685
299572
09943

7

299992
«99992
299992
» 99992
« 99992
099992

«99963
«99963
99963
299963
099963
<99963

1,00000
1. 00000
1.00000
1.00000
1,00000
1,00000

1,00000
1,00000
1.,00000
1.00000
1,00000
1,00000

1.00000C
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L0248
021362
011431
.06183
»03395
. 01952
.01108
-00693

»39272
. 20383
.10611
00554l
»02509
01534
. 00814
+00%436

.00236

«81347
64551
+ 51602
< 41650
+ 34065
- 28409
. 2L461
« 22491

.80172
.62328
48591
. 38006
029843
- 235L4
.18683
< 14935
»12055

091331
i
« 87580

.80128

«73309

67739

63587

61102

059223

89962
-85472
. 76593
68171

o SLL25

UBIF

L4362

- 40521

b

R LIN)
AL
093192
«90525
+ 88049
86262
- 84801
.83759

095259
092635
« 90199
-£5897
.81327
+ 77033
o730
«699C4
067192

Table I (continued)

5

» 98744
- 98086

»97610
97378
96836
.96121
0 95L 64
94987

097920
096571
095254
o vOh€
092014
» 70032
- 88009
86242
-84825

6 7

« 99637 . 9952
0 FIL66 99897
. 99383 - 99897
» 99383 « 99897
-99383 «99897
. 99228 < 99897

- 98849 .5948

9959 .99690
98547 J9ILLT
97933 .99203
97372 98990
- 96902 .98828
96232 .98728
95482 ,98578
LT 98378
U159 98135

- 99989
« 99989

« 99989
099989
+ 99989
099989

- 99898
.99815
«99735

99632
099617
299617
.99582

« 99515

» 59999
« 99999
« 99999
« 99999
» 99995

099999

9910
«IUT
¢ 99926
«99913
. 99908
« 99908
« 39908
099908
99898

10

1,00000
1,00000
1,00000
1. 00000
1, 00000
1.00000
1.0000G

1.00000

99987
« 99934
° §®N

« 99982
- 99982
59982
099982

11

« 99999
«99998
« 99997
« 99997
« 99997

« 99997

12

1.00000
1.00000
1,00000
t,,00000
1,00000
1.00000
100000
1,00000
1.00000
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1Y) - 38808

~19939
»10260
05289
-02733
7 01414
8 ,00734
9 ,00382

(e N I

10 ,00200

3¢ 2 38359
219520

»05065
.02583
.01318

WV 3 &0 o W

9 00344
10 ,00176

« 79626
.61316
47286
036526
. 28268
02923

OHQO‘...J

013287
.10393

- 79103
60360
- 46086
035221
026922

<15775
+12092
.09278

3 L
89313 96T
84525 »9168%
75053  .8885%
.660L8  .83800
058122 . 78559
051231 . 73418
b5256 6865/
- LOO8U -6LA9
<35605 . 60405
. 88687 - 94096
. 83640 . '70768
- T3634 .87616
J6ML,  .82088
- 55808 o T6114
- 48576 070332
42312 - 64937
- 34041 59969
32189 55418
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Tables I (continued)

5 6

0 ITLT6 . 98868
<9578 . 97989
9070 97047
<9217  .96103

.89854  .951-6
.86900  .93937
- 83906 092458
+81020 »90909

- 78336 - 89401

. 97024 « 98549
- 94,998 ,97393
092922 096122

- 87750 - 93498
084110 + 91690
- 80340 .89530
76628  ,8793
- 73062 - 84800

4

«99519
. 99100
.98627
<98143
297672

- 97236

-96661
° @8&
95397

+99316

. 96350
295526
- uL86
9324
291367

99808
299624
295610
099186
98969
.98773
98607
.98117
.98198

-99370
« 98974
. 98525
- 98045
« 97550
- 97055

- 94868

99928
99854
99767
99674
299580
.99512
29945
K TATA
.99011

.99863

« 99504
« 99265
- 99001
.98724
0 98Ldy2
.98164
097355

10

039975
099948
+99916
.99883
099853
- 99829
99813

- 99804
99802

099992
99983
»99973

- 99776
» 99705
+99631
099559
079490

12

99998
299995

« 99773
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e 3 2
« 28139 ,78851
10819 559901

W 09790 k5521
5 ,04962  .3:608
3 02517 . 25940
701277 20022
6 ,00648 .15239
g ,00329 .11604
10 00167 08840

e rem e

. 88382
.83213
» 72965
072363
o 54759
47403
41049
+35572
»30821

093811
- %0327
-87031
o 81244
2 74992
68948
.63311
« 58144
» 53369

Table I (contimued)

5

»96793
- 94607
.92365
+90164
.86770
.82829
- 78741
o 74735
.70817

6

29831
97086
+95655
« 94169
.92678
290623
88163
85523
.82735

7

99203
-98472
- 97606
96659
. 95669
294661
.93389
. 91899
90161

8

« 99617
299221
. 98722
-98148
<9752
- 36869
. 96198
« 95439
« LL6L

299821
- 99614
« 99529

,9863%
298228
97803
297402
-96875

10

-99918
- 9981L
099668
« F9L8L
+99270
-99032
98776
058543
298234

2999632
. 99913
~ 99838

+ 99623
- 99489

099342
» 99221

« 99025

12

« 98
~29%6¢C
» 99524
> 79874
299812
099740
« 79660
» 99408

2 U948
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Tatle II
Probability of d < ¢/m

5 6 7

L¢]
+
»
w
&

3 2 ,40000 ,90G00  1.,00000

4 < 2286 TN <9743  1,00000
3 ,26857  L7TAA3 »9N43  1,00000

502 .0NMW6 29 92063 9906  1,00000
3 .19048  .64286  .92063  .9906  1,00000
4 012698  .64286 92063  .99206  1,00000

6 2.10%03 .68182  .88745 903 (9978,  1.00000
317916 58042 L85TLL L9703  .99784  1.00000
L 10390 .52597  .85TL,  .9TWO3 L9978  1.00000
06926 .52597  L85TLL  .9TWO3  .99784  1.00000

N

-2
N

229371 66034 .86480  .95862 299184 99942  1.00000
3 .16317 55070 .81585 - 91697 099184 099942  1.00000
4 09324 47203 . 78788 o U697 09918 299942  1,00000
205594 42483 .78788 o 697 099184 < 99942  1,00000
6 (2730 L2482 . 78788 - 94697 o9

\n
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SV

~2 o~ wt

.28718
15664

- 08702
04973
.02828
»01989

- 28235

» 15204
.08293
-0L607
.02633

° ogm..ﬂ.

.Q053

61615
0 52867
o k056
37762
33966
«33986

063529
051312
041983
. 34986
29988
- 26989
- 26989

.848L8
TEYIT

- 74281

<1733
- T1733

-T1733

« 76709

+ .T1181

L6733

- 64829

-6L829
64829

091639
92063
. 91298
91298
+91298
+91298

293665
»90703
- 88544
.87113
-87L13
-87413
87413

Table II (continued)

5

« 98555
098135
.98135
. 98135
098135
«98135

« 97984
97096
096643
- 96643
- 96643
+ 96643
- 96643

()

«97751.

- 99751
. 99752
299751

» 99515
2993
099371
993N
. 99370
»99371
.99371

r
4

- 99984
»99984
- 99984
« 99984

- 99984

.3§

1,00CC)
1,00000
1,00000
1,000
1,00000
1,00000

099996
« 99996

1,00000
1, 00000

1,00000

1,00000
1,00000
1. 00000

1.0007C

10

12
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10 2 ,2786L

.%N

=

+04365
002125
.01386

x -~ (o RN}

.00831

h

+ 00554

18 2 ,26820
3 .1394€
L .C7276
.03811

\n

o~

+02006
-01062

e ]

.00566
-00305

N

10 00166

060345
247069
»36837
228903
- 22850
18145
214516
11725
.09593

-82663
- 75261
. 68926
63955
~60317
58248
- 58248
. 58248

79923
- T0945
,63148
. 56419
. 506.7
45702
-BL5. 5
. 380F 7
. 35340

92879
.89307
. 86384
- 84300
83218
.83218
.83218
.83218

<9057
.85270
- 80397
« 76009
<7037
.687¢ 5
- 66003
63797
62217

Table II (continued)

5

- 97L87
+96172
« 05220
094755
o U755
< U755
<755
U755

- 95840
« 93142
090509
- 8809)
- 85979

. 82875
. 81978
.815°8

6

099274,
+98933
98766

| 298766

098766

. 98766
98766

.98318
.9709%
.95865
- ILTL
.93805
« 93096
92646
92454
L9250

7

099842
« 99794

<9994

<9974
<9979
- 99794
- 9979
« 99790

.99380
- 98894
- 98406
- 97979
-97655
055
.97375
97375
97375

.999718
. 99978
«99978
»99978
- 99978
« 99978
« 99978
99978

< 79795
+ 99629
.o@raw
« 9934}
« 99264
9D
9923
< 99234,
« 9923

099999
« 99999

10

1,00000
1,00000
1,00000
1, 0000C
1,00000
1,00C00
1,00000
1,00000

« 99985
«99975

+ 99965
99965
99965
299965
+ 99965
299965

11

» 99997
~99995
+99995
« 99995
- 99995
< 99995
« 99995
« 99995
» 99995

12

1,00000

99999
« 99999

« 99999
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Table II {continued)

1 2 A 5 6 7 8 9 10 1 12
26334 59252  .72631  .893U8 L9956  .97735  .99038  .99616  .99856  .9995%0  .9998k  .”9995
13543 45708  .69050 ,83363 .91568  .95978  .98201  .992A8  .99709 99896  .99966  .99990
06977 35320 .60709  .77T5  .88141 94093 97254  .98820  .99533  .9983z  .999%u6  .99985
03601 27345  .534L72 72813 84835  .92205  ,96287  .98372 99349 99766  .99925  .99979
01863 ,21216 LTI L6TTA L8727 90393 95344 .97938 99161  .99706  .99908  .99976
100966 L16501 K178 .u3473 78857 88706 L 9LA4T2  .975k6 99024  .99658  .9v897  .9997L
.00502  ,12871  .37C .59598  .7624,3  .87180  ,93701  .97215  .98907 @ .99626  ,99890  .99973
,00262  ,10073  .32968 .56128 .73899  .85841  .9305h  .96958  .968828  ,99609  .99888  .99973
,00137 L0791 29454  .53039 .71837 84708 92546  .96781  ,98065  .99603  .99888 59973
.25870 ,58207 . T737% .88192 94047  .97098  .98632  .99376  .99725  .99883  .99952  .99981
213170 JLAWL9 67279 .B1536 89995 L9787  .97386 98739  .99M15  .99T39  .99889 99954
J06709 033966 .58509 75233 .85844  .9224  .95925 97947  .99009 99542  .99798 99915
J03420 25974  .509Lh  .69395 81775 .89618 94341 .97050  .98530  .99301 99684  .99864
1765 19878 L4338 64035  .T7373 .86996 92701  .960g89  .98003  .99030  .99552  .9980S
00891 .15226  ,386LL .59128 74172 L8443 .91053  .95101 97448  .98T39  .99L10  .99740
00455 .11673 3371 LSuBML . T0685  .B1962  .89430  L94110 96885  .98LLO  .99263  ,99673
200233 ,08958  .29438 .50543  .67W12  .79599  .87856  ,93138  .96328 98144  .99118  ,99607
00119 .CO882 25734  LA6801  .6L3L9  .76899 86348  .90360  .95789  .97859  .9897%  .99546
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» 25045
01299
2006586
.03339
01694
»,00860
~00436
200222

00113

» 57702
«43853
033341
< 25358
219294
> 15626
.11184
.08521

- 05195

76765
- 66136
- 57L8T
49756
. 43082
-37315
+32342
» 28061
- 232

Table II (continued)

5

93586
89214
84730
80328
- 76095
. 72071
.68267
- 64740
»61307

6

96763
+ 96172
.91310
68338
-85356
- 82419
. 79564,
- 76871
o Th161

L
{

- 98407
096943
095212
.93318
.91337
.8932
87308
-85391
.83380

299235
0 984iy2
- 97LAL
296297
» 95049
< 93739
« 92396
291114
87088

10

-99836
49628
99336
098969
~ 98540
- 98063

97551

+9614,68

11

.99927
-99826
ol?
« 99482
09927
.98978
. 98685
> 98443
» 98051

12

.99968
» 99921
. 99848
2997148
299625
» 99480
~99320
-99216
< 98964
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	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021



